Let B be a Banach space of functions on D C Rn on D C Tn (where T is [-ir, ?r]
and -7T is identified with n). We define the r modulus of smoothness of / by We now estimate ||2~J(T -I)r~l(T2 -I)%f\\ for 1 < i < r in the same way to derive
Therefore, iterating r times, we have / r-l ^ 1/P ||(T-/)r/||< ||2"r(T2 -/)7ir + mJ2 l|2_,'_1(r -iy~o+\T2 -I)jf\\p
V i=o
Recalling ||(T + I)g\\ < 2\\g\\, we have II(T-iy-j+l(T2 -iyf\\ < 23\\(t-iy+1f\\
and, therefore, for Mi = M ■ r ■ 2~p
(5) \\(T -7)711 < (l|2-r(T2 -7)7HP + Mi\\(T -I)r+i f\\p)l'p.
As T2f = T(2h)f, we may use the same estimate for the first term on the right and repeat m times to obtain
Choosing m such that 2m_1i < A < 2mt, and using the monotonicity of ojr-ri(f,t) and that of u~rp, we have, following the standard Marchaud-type calculations,
which is what we had to prove. Proving the main result of this paper, we will now make a few remarks which will connect the present result with the literature and extend it further.
REMARK A. In the literature of the geometry of Banach spaces (see Lindenstrauss and Tzafriri [1, Vol. II, 59]) the concept "modulus of smoothness" of the norm is given by where p = pi when B = LPl for 1 < pi < 2, p = 2 when B = LPl for 2 < px < oo and p = 1 when B = L^. A. Zygmund [5] showed that the above are best possible. One can show (b) directly using Clarkson's inequality for 1 < pi < 2 and direct computations (about a page) for 2 < pi < oo. REMARK C. There are other spaces which satisfy Pb(t) < TE>P. As renorming is a common tool in the geometry of Banach space, we observe that if a space has an equivalent norm || l^ which is translation invariant as well as satisfying (b) for some p, then we may apply the theorem with || ||i and after proving the estimate (3) with the norm || ||i use the equivalence to show that (3) is satisfied with the original norm (whether it was translation invariant or not). If, however, (b) is shown to be satisfied for a norm which is not translation invariant, our proof falters, and I suspect the result is no longer valid (that is, not in all cases).
REMARK D. Theorem 1 holds for LP(D) with other domains D. In particular if
D is open with minimally smooth boundary, a concept which has several equivalent descriptions (see Sharpley [2] ), the theorem reads as follows: PROOF. We follow Sharpley [2] to have an extension of/, Ef in 7?" that satisfies
which is valid for m = r and m = r + 1 simultaneously. We use Theorem 1 on Ef and the above estimate to obtain (7).
REMARK E. The analogue for Lp, 0 < p < 1, is very simple and probably known. As I could not find it in print, I am presenting here a somewhat more general theorem. Repeating the process and using the monotonicity of ur+i (f, t)p and that of u~rp, we obtain the result in the standard way.
The quasinorm (¡D |/|p)1/p for 0 < p < 1 satisfies (I), (II), and (III) of Theorem 3 with A7 = 1. The example, f(x) = ^'^-^^(x) where
shows that the result is best possible for LP(R) and r = 1. This is the same example used by Zygmund to show that, for r = 1, 1 < p < 2, and Lp(T), (7) is best possible. I would like to express my gratitude to Professors N. Tomczak-Jaegermann and V. Zizler for many stimulating discussions, and for their encouragement of the use of concepts from the theory of the geometry of Banach spaces. I would also like to express my thanks to Professor R. Sharpley for many useful remarks.
